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Abstract 
Mishev, D.P. and D.D. Bainov, A necessary and sufficient condition for oscillation of neutral type hyperbolic 
equations, Journal of Computational and Applied Mathematics 42 (1992) 215-220. 
In the present paper a necessary and sufficient condition 
type linear hyperbolic differential equations of the form 
is obtained for oscillation of the solutions of neutral 
u,,(x. t)+ za;u,,(x, t - T~)-[Au(x, t)+ Cb;(t)Au(x, pj(t))I 
I J 
+cu(x, t)+ ~c,u(x, t-u,)=O, (x, tknxco,4=G, 
K 
where R is a bounded domain in R” with a piecewise smooth boundary and Au(x, t) = Cy=, u,,,,Cx, t). 
Keywords: Oscillation, neutral type hyperbolic equations. 
1. Introduction 
In recent years the fundamental theory of partial differential equations with a deviating 
argument developed intensively. The qualitative theory of these important classes for the 
applications of partial different14 equations, however, is still in an initial stage of its develop- 
ment. Thus, for instance, to the oscillation theory for this class of equations only a small 
Correspondence to: Prof. D.D. Bainov, P.O. Box 45, 1504 Sofia, Bulgaria. 
0377-0427/92/$05.00 1992 - Elszvier Science Publishers B.V. All rights reserved 
216 D.P. Mishec. D. D. Bainor / Osdlation of solutionsof hyperbolic equations 
number of papers are devoted, published in the period since 1984. Sufficient conditions for 
oscillation of the solutions of hyperbolic differential equations with delay were obtained in [2]. 
Conditions for oscillation of the solutions of neutral type hyperbolic differential equations were 
obtained in [3,4,7]. 
2. Statement of the problem 
In the present paper a necessary and sufficient condition for oscillation of the solutions of 
neutral type linear hyperbolic equations of the form 
u,,(x, t) + &;u,,(x, f--i) - 
I 
Au(x, I) + $b,(r)Au(x, Pj(t)) I 
+ cu(x, t) + &,u(x, t - uk) = 0, (x, t) ER x (0, m) = G, (1) 
K 
is obtained, where D is a bounded domain in 08” with a piecewise smooth boundary, 
Au(x, t) = Eyz, u_,(x, t), I, .i, K are finite sets of successive positive. integers containing the 
number 1. 
Consider bbztdary conditions of the form 
au 
and 
(2) 
u =o, (x, tj E an x [o,+ 
We shall say that conditions (HI are met if the following conditions hold. 
(Hl) b,(t) E C([O, 00); IQ for j E.Z. 
(3) 
(H2) Pi(t) E C([O, m); RI and lim,,, pi(t) = 00 for j E.Z. 
(H3) c, ai, ck E iw for i E I, k E K. 
(H4) Ti = const. >, 0, ok = const. >, 0 for i E I, k E K. 
Definition 1. The solution u(x, t) E C’(G) n C’(G) of problem (11, (2) (cl), (3)) is said to 
oscillate in the domain G if for any positive number a! there exists a point (x0, t,) E fl X (a, a) 
such that the equality u(xO, to) = 0 holds. 
3. Main results 
In the subsequent theorems a necessary and sufficient coudition for oscillation of the 
solutions of problems (11, (2) and (I), (3) in the domain G is obtained. 
With each solution u(x, t) E C’(G) n C’(E) of problem (11, (2) we associate the function 
L’(t) = j--z+, t)dx, t >, 0. 
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Lemma 2. Let conditions (H) hold and let u(x, t ) E C2( G) n C’(G) be a solution of problem (l), 
(2). Then the f unc ion t v(t) defined by (4) satisfies the differential equation 
V”(t) + Ca,V”(t - Ti)+CV(t)+ CCkV(t-Uk)=O, tat,, (5) 
I K 
where t, is a sufficiently large positive number. 
Proof. Let u(x, t) E C2(G) n C’(c) be a solution of problem (l), (2). From condition (H2) it 
follows that there exists a number p > 0 such that pi(t) > 0 for t >, p, j E J. Introduce the 
notation 
t, = max(p, 7i, fT,: i EI, k EK). 
Integrating both sides of (1) with respect to x over the domain In, for t 2 t, we obtain 
$ [ k(X, t) dx + Caik(xv t - Ti) dx] 
I 
- 
[ 
/ AU(X, t) dx + Cb,(t)j AU(X, 
R R 
Pi(t)) dx 
J 1 +c/ u(x, t) dx + cck/ u(x, t -ak) dx = 0. 
R K fl 
From Green’s formula it follows that 
/-/u(x, t) dx = l,,;ds =O, (7) 
~u(x, pi(t)) dx= ~a~(x~ Pi(t)) d’=Oy jE J* (8) 
(6) 
Using (7) and (8), from (6) we obtain that 
V”(t) + Caill”(t - Ti) + CU( t) + CCku( I - us) = O, 
I K 
which was to be proved. q 
In the domain 0 consider the Dirichlet problem 
AU(x)+aU(x)=O, XE~, (9) 
U(x) = 0, XEN2, (10) 
where (Y = const. It is well known [5] that the smallest eigenvalue q, of problem (9), (10) is 
positive and the corresponding eigenfunction 4(x) can be chosen so that 4(x) > 0 for x E a. 
Assume that the following two additional conditions are fulfilled. 
(H5) bj( t) E bj E R for j E J. 
(H6) pj( t) - t - pj for j E J, where ruj = const. > 0. 
With each solution u( X, t) E C2(G) n C’(c) of problem (l), (3) we associate the function 
w(t) = / u(x, t)4(x) dx, t >, 0. 
We note that suzh an averaging was first used in [6]. 
(1 1 1 
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Lgmma 3. Let cor&ions (H3)-(H6) hold and let uk, t) E C*(G) n C’(c) be a solution of 
~~~~e~~ ( 11, (3). Then the fknction w( t ) defined by ( 11) satisfies the differential equation 
W”(t) + CaiW”( t -Ti) +a~, W(t) + CbjW(t -PI) 
I ! i 1 +cw(t) -I- &w t -q) =o, tat,, 
K 
(12) 
where t, is a suficiently large positille number. 
proof, Let 14(x, t) E C*(G) n CL(c) be a solution of problem (11, (3). Introduce the notation 
i0 =ma(Ti, PI, ok: iEZ, jEJ, kEK). 
Multiply both sides of (1) by the eigenfunction 4(x) and integrate with respect to x over the 
domain a. For t > t, we obtain 
t)4(x) dx + Cai/ U(x, t -Ti)&(X) dx 
I R I 
- 1 jdU(X, t)cb(X) dx+ cb,i2AU(X, t-PI)+(X) dxi R i 1 
+c/u(x, t)&(x) dx+ &+(x, t--+)+(x) dx=O. 
R K fl 
From Green’s formula it follows that 
/ 
Au@, t)4(x) dx= u(x, .t!,A+(x) dx 
R / R 
= -a 
0 
/ 
u(x, t)&(x) dx = -arow( 
R 
(13) 
X, t-/Lj)4(X) dx= I( CI X, t-/Lj)A+(X) dX R 
= -(Y,) /( *U X, t -/Lj)4(X) dX = --oW(t -pi)* 
Using (14) and (15), from (13) we obtain that 
(15) 
W”(t) + CaiW”(t -Ti) +a,, W(t) + CbjW(t -pi) 
I [ J 1 
+cw(ij+ xc,w(r-a,) =0,
K 
which was to be proved q 
From the lemmas above it follows that the finding of conditions for oscillation of the 
solutions of (1) in the domain G is reduced to the investigation of the oscillatory properties of 
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neutral type ordinary differential equations of the form 
x(t) + CPix(t -Ti) + CqkX(t-Ck)=O, t>tt,. 
I 1 K 
219 
(16) 
Assume that the following conditions are fulfilled. 
(H’7) pi E Iw, Ti = const. 2 0 for i E I. 
W8) qk E I& a, = const. 2 0 for k E K. 
Definition 4. The solution x(t) of the differential equation (16) is said to oscillate if the 
function x(t) has a sequence of zeros tending to + 00. Otherwise the solution is said to be 
nonoscilla ting . 
In the proof of the subsequent heorems we shall use the following result of [l]. 
Theorem 5 (Arino and Gyiiri [l]). Let conditions (H7)-(H8) hold. A necessary and sufficient 
condition for (16) to have a nonoscillating solution is that the corresponding characteristic 
equation 
A* 1 + Cpi esArr + Cqk emAffk = 0 
[ I 1 K 
rl\ (1 J / 
should have a real root. 
A corollary of Lemma 2 and Theorem 5 is the following necessary and sufficient condition 
for oscillation of the solutions of problem (l), (2). 
Theorem 6. Let conditions (H) hold. A necessary and sufficient condition for all so!utions of 
problem ( l), (2) to oscillate in the domain G is that the equation 
f(A)sh* l+ Caie-*” +C+ CCkemhuh=O 
[ I I K 
w-9 
should have no real roots. 
Proof. (Necessity) If A, E R is a root of (18), then the function u( x, t) = eA(lr is a nonoscillating 
positive solution of problem (l), (2) in the domain 0 x [to, 4. 
(Sufficiency) Suppose that the assertion is not true and let u( x, t) be a nonoscillating 
solution of problem (l), (2). Let u(x, t) > 0 for (x, t) E G. (The case when u(x, t) < 0 for 
(x, t) E G is considered analogously.) From Lemma 2 it follows that the function r,(t) defined 
by (4) is a positive solution of the differential equation (5). Then from Thcorcm 5 applied to (5) 
it follows that (18) has a real root, which contradicts the condition of the theo=.n. 0 
A corollary of Lemma 3 and Theorem 5 is the following necessary and sufficient condition 
for oscillation of the solutions of problem (l), (3). 
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Theorem 7. Let conditions (H3i-(H6) hold. Then a necessary and sufficient condition for all 
solutions of problem (I), (3) to oscillate in the domain G is that the equation 
l+ Cai e-*‘f +a, l+ cb, e-“lrJ +c+ cck eSA”=O 
I I [ i 1 K (19) 
should haue no real roots. 
Proof. (Necessity) If A,E R is a root of (19), then the function u(x, t) = eAIQ(x) is a 
nonoscillating positive solution of problem (0, (3) in the domain 0 x [to, QJ). 
(Su,fjk-iency) Suppose that the assertion is not true and let U(X, t) be a nonoscillating 
solution of problem (11, (3). Let U(X, t) > 0 for (x, t) E G. (The case when u(x, t) < 0 for 
(x, t) E G is considered analogously.) From Lemma 3 it follows that the function w(t) defined 
by (11) is a positive solution of the differential equation (12). Then from Theorem 5 applied to 
(12) it follows that (19) has a real root, which contradicts the condition of the theorem. IJ 
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